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GENERALIZED DEMAZURE MODULES AND FUSION PRODUCTS 


B. RAVINDER 


Abstract. Let 0 be a finite-dimensional complex simple Lie algebra with highest root 6 and let 
g[t] be the corresponding current algebra. In this paper, we consider the g [testable Demazure 
modules associated to integrable highest weight representations of the affine Lie algebra g. We 
prove that the fusion product of Demazure modules of a given level with a single Demazure module 
of a different level and with highest weight a multiple of 9 is a generalized Demazure module, and 
also give defining relations. This also shows that the fusion product of such Demazure modules is 
independent of the chosen parameters. As a consequence we obtain generators and relations for 
certain types of generalized Demazure modules. We also establish a connection with the modules 
defined by Chari and Venkatesh. 


1. Introduction 

Let g be a finite-dimensional complex simple Lie algebra and g the corresponding affine Lie 
algebra. In this paper, we are interested in Demazure modules associated to integrable highest 
weight representations of g. These modules, which are actually modules for a Borel subalgebra of 
g, are indexed by a dominant integral affine weight and an element of the affine Weyl group. We are 
mainly interested in the Demazure modules which are preserved by a maximal parabolic subalgebra 
containing the Borel. The maximal parabolic subalgebra of our interest is the current algebra g[f], 
which is the algebra of polynomial maps C —> g with the obvious point-wise bracket. Equivalently, 
it is the complex vector space g <g> C[f] with Lie bracket being the C[f]-bilinear extension of the Lie 
bracket on g. The degree grading on C[f] gives a natural Z-grading on g[f] and makes it a graded 
Lie algebra. The g[f]-stable Demazure modules are known to be indexed by pairs (£, A), where i is 
the level of the integrable representation of g and A is a dominant integral weight of g. We denote 
the corresponding module by D(£, A). These are in fact finite-dimensional graded g[f]-modules. 

A powerful tool to study the category of finite-dimensional graded g[f (-modules is the fusion 
product, which was introduced by Feigin and Loktev in (5]. Although the fusion product is by 
definition dependent on a choice of parameters, it is widely expected that it will turn out to be 
independent of the choices, and in several cases this has been proved (see [amaramiES ]). lt 
is proved in [3] that the fusion product of Demazure modules of a given level is again a Demazure 
module of the same level. In p3], for g simply laced, it is proved that the fusion product of 
Demazure modules of different level with highest weight a multiple of a fundamental weight is a 
generalized Demazure module, and used this to solve the X = M conjecture. The generalized 
Demazure modules are indexed by p dominant integral affine weights and p affine Weyl group 
elements, where p > 1. Their defining relations are not known except when p = 1, where they 
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are actually the Demazure modules. But in special cases the character of generalized Demazure 
modules is known in terms of the Demazure operators mm- 

In this paper, we investigate further the fusion product of different level Demazure modules. Let 
9 be the highest root of g. We consider the fusion product of Demazure modules of a given level 
with a single Demazure module of a different level and with highest weight a multiple of 9. We 
prove that this fusion product as a g[t]-module is isomorphic to a generalized Demazure module, 
and give the defining relations. More precisely, given positive integers k,£,m such that l > m > k, 
and a sequence of dominant integral weights Ai,..., A p of g, we prove that the fusion product 

D(£, £Xi) * • • • * D(£, £X P ) * D{m, kd), (1.1) 

of Demazure modules is a generalized Demazure module, and also give the defining relations (see 
Theorem 13.31) . This also proves that the fusion product (II.ID is independent of the chosen param¬ 
eters. 

Our main results (Theorems 13.21 and 13.31) enable us to obtain short exact sequences of fusion 
products and generalized Demazure modules (see Corollarv l3.4p . and a surjective morphism between 
two fusion products (see Corollary 13.51) . As a consequence of Corollary 13.51 we get the following 
result which may be viewed as a generalization of the Schur positivity [1] (see Corollary 13.61) : Given 
two partitions (£\ > £2 > • • • > £ p > 0) and (m\ > m 2 > • • • > m p > 0) of a positive integer, there 
exists a surjective morphism of g-modules 

D(£ 1 , £\9) ® D{£ 2 , £ 2 9) 0 • • • 0 D(£ p , l p 9) -» D(mi, mi9) 0 D(m, 2 , rri29) 0 • • • 0 D(m p , m p 9 ), 

if £i + ■ ■ ■ + £ p > nii + ■ ■ ■ + m p holds for each 1 < i < p. 

In [4], Chari and Venkatesh have introduced a large family of indecomposable graded g[t]-modules 
which includes the Demazure modules. In 1}5J we prove that certain types of generalized Demazure 
modules also belong to their family (see Corollary 15.31) . 

Acknowledgements. The author thanks K. N. Raghavan and S. Viswanath for many helpful 
discussions and encouragement. The author acknowledges support from TIFR, Mumbai, under the 
Visiting Fellowship scheme. Most of this work was done when the author was a Ph.D. student at 
IMSc, Chennai, and he acknowledges support from CSIR under the SPM Fellowship scheme. 

2. Preliminaries 

Throughout the paper, Z denotes the set of integers, N the set of positive integers, Z>o the set of 
non-negative integers, C the held of complex numbers, C[t] the polynomial ring in an indeterminate 
t and C[t,t _1 ] the ring of Laurent polynomials. 

2.1. Given a complex Lie algebra a, let U(a) be its universal enveloping algebra. The current 
algebra a[t] associated to a is defined as a 0 C[t], with the Lie bracket 

[x 0f,i/0 t s ] = [x , y\ 0 t r+s V x, y € a, r, s £ Z> 0 . 

The degree grading on C [t] gives a natural Z>o-grading on U(a[f]): the element (ai 0 t si ) ■ ■ ■ (a*, 0 
t Sk ), for ai G a, Sj € Z>o, has grade si + ■ ■ ■ + s*,. A graded a[t]-module is a Z-graded vector space 
V = ® reZ V[r) such that 

(a 0 t s )V[r] C V[r + s], V r € Z, s £ Z> 0 . 
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Let evo : a[t] -A a be the morphism of Lie algebras given by setting t = 0. The pull back of any 
a-module V by evo defines a graded a[t]-module structure on V, and we denote this module by 
evo V. We define the morphism of graded a[t]-modules as a degree zero morphism of ci[f] -modules. 
For r£Z and a graded n[f]-module V. we let r r V be the r-th graded shift of V. 


2.2. Let g be a finite-dimensional simple Lie algebra over C of rank n. Fix a Cartan subalgebra t) 
of 0 and a Borel subalgebra b of 0 containing fo. Let 0 = n~©f)©n + be the triangular decomposition 
of 0 with b = f) © n + . Let R (resp. R + ) be the set of roots (resp. positive roots) of 0 . Let 6 G R + 
be the highest root of 0 . Let (.|.) be a non-degenerate, symmetric, invariant bilinear form on b* 
normalized so that the square length of a long root is two. It is easy to see from the abstract 
theory of root systems that ( 6 \a) G {0,1}, for all a G R + \ {0}. For a G R, let a v G t) denote the 
corresponding co-root, 0 a the corresponding root space of 0 , and we fix non-zero elements xf G 0 ± Q 
such that [xf,x~\ = a v . For a root a, we set d a = then we have 


da 


1 if a is long, 

<2 if a is short and 0 is of type B n , C n or F 4 , 
3 if a is short and 0 is of type G* 2 . 


Set I = { 1,2,..., n}. Let at and Wi,i G I, be simple roots and fundamental weights respectively. 
For a = J2i n i a i ^ R, we define the height of a by lit a = Yli n i- For * G /, we write xf for x^. 
and di for d ai . The weight lattice P (resp. P + ) is the Z-span (resp. Z>o-span) of {wi : i G /}. 
The root lattice Q (resp. Q + ) is the Z-span (resp. Z>o-span) of {a* : i G I}. The co-weight lattice 
L = Yliei ^diWi is a sub lattice of P and the co-root lattice M = Xag/ is a su b lattice of 

Q. The subsets L + and M + are defined in the obvious way. It is easy to see that for A G L + and 
a G R + , we have (A|a) G Z>o- Let W be the Weyl group of 0 . For a G R + , we denote by r a G W 
the reflection associated with a, and set r* = r ai (i G I). We denote by w 0 the longest element in 
W. 

For A G P + , let V(A) be the corresponding finite-dimensional irreducible 0 -module generated by 
an element v\ with the following defining relations: 

xf v x = 0, of v x = (A, af) v x , (i“) (A ’ a ' Y)+1 v x = 0, ViG/. 


2.3. Let 0 be the affine Lie algebra defined by 

0 = 0 ® C [t, t _1 ] © Cc © C d, 

where c is central and the other Lie brackets are given by 

[x ®t r , y ® t s ] = [x, y] <g> t r+s + rd r - s (x\y)c, 

[d, x ® t r ] = r(x ® t r ), 

for all x,y G 0 and integers r,s. The Lie subalgebras f) and b of 0 are defined as follows: 

b = f) © Cc © C d, b = 0 ® tC[t] © b © Cc © C d. 
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We regard f)* as a subspace of f)* by setting (A, c) = (A, d) = 0 for A £ f)*. For £ € f)*, let £|f, be the 
element of f]* obtained by restricting £ to f). Let 5, Ao £ fj* be given by 

(5, fj + C c)= 0, ( 8 , d) = 1 , (A 0 ,1} + Cd) = 0, (A 0 , c) = 1 . 

Extend the non-degenerate form on f)* to a non-degenerate symmetric bilinear form on f)* by setting, 

mCS + CA 0 ) = ( 8 \ 8 ) = (A 0 |A 0 ) = 0 and (<S|A 0 ) = 1 . 

Set 1 = 1 U {0}. For i £ I, denote A i = Wi + (wi, 6 V )Ao £ t)*. Let P + = JT g ^Z>o(A : j + Z8) 
be the set of dominant integral affine weights, and P is defined similarly. The affine root lattice 
Q is the Z-span of the simple roots a*, i £ /, of g, and Q + is defined in the obvious way. Let 
R re = {a+ r5 : a £ R, r £ Z} be the set of real roots, Ri m = {r<5 : r £ Z\{0}} the set of imaginary 
roots and R = R re U Ri m the set of roots of g. For each real root a + rS , we have the Lie subalgebra 
of g generated by {x+ <g> t r , x~ ® t~ r } which is isomorphic to sL- 

Let W be the affine Weyl group with simple reflections r*(i £ I). We regard W naturally as a 
subgroup of W. Given a £ fi*, we define t a £ GL(t)*) by 

t a ( A) = A + (A|<5) a - (A|a) 8 -^ (A|<5) (a|a) 5 for A e i)*. 

The translation subgroup Tm of W is defined by Tm = {t a £ GL( f)*) : a £ M} and we have 

W = W k T m . 

The extended affine Weyl group W is the semi-direct product 

W = W x T l , 

where Tl = {tp £ GL(t)*) : j3 £ L}. We also have W = W x E, where E is the subgroup of diagram 
automorphisms of g. Given w £ W, let £(w) be the length of a reduced expression of w. The length 
function l is extended to W by setting £(wa) = £(w) for w £ W and ueS. 

The following lemma is proved in [3], and will be required later. 

Lemma 2.1. J3J Proposition 2.8] Given X, p £ P + and w £ W, we have 

£{t_xt-r.w) = a) +£(t- fJl w). 

For any group G, let Z[G\ be the integral group ring of G with basis e 9 ,g £ G. Let Is be the 
ideal of Z[P] obtained by setting e 5 = 1. For a finite-dimensional semisimple h-module V, we define 
fj-character ch^V by 

ch h V = dim Vfj, e* £ Z[f)*], 

where = {v £ V : hv = (fi, h)Vh £ 1)}. For a finite-dimensional semisimple (^-module V, the 
^-character chrV £ Z[t}*] is defined in the similar way. 
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2.4. Let V(A) be the integrable highest weight g-module corresponding to a dominant integral 
affine weight A. Let ... .f p be a sequence of elements of W(P + ). For 1 < j < p, let A J be the 
element of P + such that G WAP Define a b-submodule D(£i ,..., £ p ) of V (A 1 ) ® • • • <g> V ( A p ) by 


mi, ■■■,& = U(b) (^(A 1 ^ ® ■ ■ ■ ® F(A^) . 


We call the b-module D(f i, ... ,£ p ) as a generalized Demazure module [TTUT5] . When p = 1, D(f i) 
is called as a Demazure module. We observe that D(£ i, ..., £ p ) C D(£ i) ® ■ ■ ■ <g> D(£ p ). Note that 
D(f i, ... ,€ P ) is g-stable if (£,, af) < 0, V i G I, 1 < j < p. 

2.5. We now recall from [4J §3.5] the definition of the finite-dimensional graded g[f]-modules 
D(£, A), (£, A) G N x P + . For a £ R + with (A,a v ) > 0, let s a , m a G N be the unique posi¬ 
tive integers such that 


(A, a v ) = ( s a — 1 )d a £ + m a , 0 < m a < d a £. 


If (A, a v ) = 0 we set s a = 1 and m a = 0. The module D(£, A) is the cyclic g[t]-module generated 
by an element W(_ \ with the following defining relations: 


(x+®t s )w^ x = 0, (a 4 v <g> t s )w £t x = {\,ay)5 sfi wi tX , (x i <g> 1 )< A ’« I V >+ 1 W£x = 0, Vs>0,iG/, 

(x~ ® t Sa ) x = 0, VaGi? + , 

(x~ ® t Sa ~ 1 ) ma+1 w^’X = 0, if m a < d a £ , VaG i? + . 


The following relations also hold in the module D(£, A) 

(x~ ® t Sa ~ 1 ) ma+1 W£^ x = 0, if m a = d a £, VaG _R + . 

We declare the grade of W£ t x to be zero. Since the defining relations of D(£, A) are graded, it follows 
that D(£, A) is a graded g[t]-module. 

The following result, which gives the connection with Demazure modules, is a combination of 
results H Theorem 2], O Corollary 1], and [121 Proposition 3.6]. 

Proposition 2.2. J2J3G2F Given (£, A) G N x P + and m G Z, let w G W,cr G £, and A G P + 
such that 

waA = woX + £Aq + rnS. 

Then we have the following isomorphism of $[t]-modules, 


T m D{£ , A) = D{waA). 


Under this isomorphism the generator w^x °fx m D(£, A) maps to a non-zero element of the weight 
space of D(woiA) of weight wowaA. 
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2.6. We recall the notion of the fusion product of finite-dimensional cyclic graded g [©modules 
given in [5]. 

Let V be a cyclic g[i]-module generated by v. We define a filtration F r V, r £ Z> q on V by 

F r V= £ U( 0 [t])[ S ]n. 

0 <s<r 

Set F~ 1 V = {0}. The associated graded space grV = ® r>0 F r V/F r ~ l V naturally becomes a 
cyclic g [©module generated by the image of v in grV. 

Given a g [©module V and a complex number z, we define an another g [©module action on V 
as follows: 

(x <g> t s ) v = (x <8 (t + z ) s ) v, x £ g, v £ V, s £ Z>o- 
Denote this new module by V z . For 1 < i < m, let Vi be a finite-dimensional cyclic graded g[© 
module generated by v*. Let z \,..., z m be distinct complex numbers. We denote V = V\ Zl <8 ■ ■ ■ <8 
V m Zrn , the tensor product of the corresponding g [©modules. It is known (see [5] Proposition 1.4]) 
that V is a cyclic g [©module generated by v\ <8 ■ ■ -®v m . The associated graded space grV is called 
the fusion product of V),..., V m w.r.t. the parameters z±, ..., z m , and is denoted by V± Zl *■ ■ -*V m Zm . 
We denote the image of v\ <8 • • • <8 v m in grV by v\ * • • • * v m . For ease of notation we shall often 
write V\ * ■ ■ ■ * V m for V\ Zl * ■ ■ ■ * V m Zrn . We note that V\ * • • • * V m = fl V± <8 ■ ■ - <8 V m . 

3. The main results 

We begin this section by introducing a class of finite-dimensional graded cyclic g [©modules and 
then state our main results. 

Given k,i,m£ Z>o such that k <m and A £ L + . We define to be the cyclic g[©module 

generated by an element v = with the following defining relations: 

(xf <8 t s ) v = 0, (c© (8 t s ) v = 5 S) o(£\ + kd, a/) v, (a© <g) l) < ' £X+k8, ^ +1 v = 0, Vs>0,i£l, 


(3.1) 

(x~ <8 t (x+B|a) ) v = 0, V a € R + , (3.2) 

(x-®t Wa) ) {{k ~ i)e,a ' /}+1 ( X Q®t W9 )+i y v = 0, V a € R + , 0 <i<k, (3.3) 

(xq <8 ©l 6 ')+ 1 ]) 2fc m+1 v = 0, if m < 2k, (3.4) 

(xq <8 ©l 0 ) +1 ) v = 0, if m > 2k. (3.5) 

The relations (13.ip guarantee that the module is finite-dimensional (cf. [2]). In particular 

this gives, 

(. x~®l) {n+k9 ' aV)+1 v = 0 , Ma£R + . (3.6) 


i 

We declare the grade of v to be zero. Since the defining relations of V© ke are graded, it follows 
that V m fc0 is a graded g [©module. 

Remark 3.1. We prove in $5| that the relations in (13.3p . when a £ R + \ {9} and 1 < i < k, are 
redundant (see Lemma E5|). 
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We observe that 
and 


v; 


tex 


m, kd — fl[«] ^2 k,k6i 

■e,ex 


■e,ex 


V m > 2k, 


v io» =»[<] D («> «)• 

The following theorems are the main results of this paper. 

Theorem 3.2. Let k,£, m £ N and X £ L + . 

(1) If £ > 2k, then there exists a short exact sequence of g[t]-modules, 


(3.7) 

(3.8) 


0 


lix 


T7-t,tA ‘rl rk -wt£,£X 

r (A|6»)+l v fc_i ! (fc_i )0 > V fc, kd > ^ i,kd 


0. 


(2) If £ > 2k and k <m< 2k, then there exists a short exact sequence of g[t]-modules, 

T i,i\ b“ 


n \ y . -%t£,£X Trf,0 , n 

U -A r(2fc_ m+ i)((A|fl)+ 1 ) V m -k-l,(m- k -l)8 - > W k,kd - * V m,kd U ' 

(3) If I < 2k and k < m < £, then there exists a short exact sequence of g[t]-modules, 


0 


A,iX 


_2_>. V 


i,ix K 

m, kO 


v 


i, ix 

LkO 


0. 


T ( 2 k-e+l)((X\e)+l)^£ +m - 2 k-l,(e-k-l)d 

Theorem 3.3. Let k,£,m £ N be such that £ > m > k. Let Ai,..., X p be a sequence of elements 
of L + , and denote A = Ai + • • • + X p . Then we have the following isomorphisms of g[t\-modules: 

D(£, £X\) *■■■* D{£, £X p ) * D(m, kd) 

~yt,ex ^ \D{t Wo x(I-m)A 0 , t wo (\ + o)(mA 0 + (m- k)d)), m<2k, 

m ' ke \D(t Wo \(£-m)A 0 ,t Wo \w 0 (mA 0 + kO)), m>2k. 

Theorems 13.21 and 13.31 are proved in (J5J 

The following corollary is immediate from Theorems 13.21 and 13.31 

Corollary 3.4. Let k, £,m £ N and Ai,..., X p £ L + . Denote X = X\ + • • • + X p . 

(1) If £ > 2k, then there exist short exact sequences of g[t\-modules, 

0 -A t W o )+ 1 (D(£, £Xi) *■■■* D{£, £X P ) * D(k - 1, {k - 1)0)) 

-A D{£, iXi) *■■■* D(£, £X P ) * D{k, kd) 

-A D{£, £X\) *■■■* D{£, £X P ) * D {£, kd) -a 0 

and 

0 -A T(a|0)+i D(t W0 x{£ ~k + 1)A 0 , t W0 (\ + g)(k - 1)A 0 ) 

->• D(t Wo \{£ - k) A 0 , £wq (A + 8 ) kApi) 

"4- D(t wo (x+ 0 )(£ A 0 + (£ — k)d )) -a 0 . 

(2) If £ > 2k and k < m < 2 k, then there exist short exact sequences of g[t]-modules, 

0 -4 T( 2 fc- m +i)((A| 0 )+i) {D(£, £Xi) *■■■* D(£, £X P ) * D(m -k- 1, (m - k - 1)0)) 

-A- D{£, £Xi) *■■■* D{£, £X P ) * D(k , kd) 
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D{£, £Xi) *■■■* D{£, £X P ) * D(m, kO ) —>• 0 


and 

0 T( 2fc -m+i)((A|e)+i) D(t WoX {£ -m + k + 1)A 0 , t W0 ( X+ g)(m - k — 1)A 0 ) 

^ D(t wo \(£ k)Ao, two(\+6) ^Ao) 

-t D(t woX (£ - m) A 0 , t„, 0 (A+e)("iA 0 + (m - fc)0)) -A- 0. 

(3) If £ < 2k and k < m < £, then there exist short exact sequences of g[t]-modules, 

0 -A- T( 2 fc_^_|_i)((A|0)-t-i) {D(£, £X\) * • • • * D(£, £X p ) * D(£ + m — 2k — 1, {£ — k — 1)0)) 

-A- £>(£, £Ai) * • • • * D(£, £X P ) * D(m , A;0) 

-A- £>(£, £Ai) * • • • * £>(*, £A P ) * D(£, /c0) -A 0 
and 

0 —^ T (2fc-M-i)((A|0)+i) D(tw 0 \(.2k — m + 1)A 0 , t WQ ( x+e)((£ + m-2k- 1)A 0 + (m - k)0)) 
D{t Wo x(£ - m) A 0 , t wo (x + g)(mA 0 + (m - k)6)) 

D{t w 0 (A+e)(^Ao + — k)0)) 0. 

The following corollary gives a surjective morphism between two fusion products of Demazure 
modules. 

Corollary 3.5. Let {£ > m > k) and (£' > m! > k') be two sequences of positive integers with 
k! < k. Let Ai,..., X p and A' l5 ..., X' p be two sequences of elements in L + . Denote X = X)f=i an d 
A' = Y^ P i=i K- Suppose that 

(a) £x + ke = ex' + k'e, 

(b) (A|a) > (A'|a), Va£ R + . 

If (A|0) = (A'|0), then we further assume the following holds; 

(c) if m > 2k, then m! > 2k!, 

(d) if m <2k and m' < 2k', then 2k — m > 2k' — m'. 

Then there exist surjective morphisms of g[t]-modules, 


V m, he * m', k'd 


(3.9) 


and 


D{£, eXi) *■■■* D{£, £X P ) * £>(m, fc0) -» D{£', £'X[) *■■■* D(£', £'X') * D{m\ k'6). (3.10) 


Proof. To prove (13. 91) . we show that the generator v' = ^ * m , k , g 


of 'Vtlfda satisfies the defining 


relations of V^. The relations (13.ip are clear from hypothesis (a). It is easy to see that the 
relations (13.211 follow by using hypothesis (b). We prove the relations (|3.3I) by considering two 
cases. First suppose that (A|ct) > (A'|a). Then, they follow from the hypothesis k' < k, by using 
the relations 


0-(g>f (A,| “ )+1 )u' = 0, ifa/0, 


(x e -®f( A 'l 0 ) + 1 ) fc ' + 1 u' = O, 
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and 

(xg ®t (x ' W+ 2 )v' = 0. (3.11) 

In the second case, using hypothesis (b), we have (A|a) = (A'|a;). Then, they follow from the 
hypothesis k' < k and (A|0) > (A'|0), by using (13.111) . 

We prove the remaining relations (13.41) and (13.51) by considering two cases. First suppose that 
(A|0) > (A'|0). Then, they are immediate from (13.111) . In the second case, we have (A|0) = (A'|0). 
Then, the relation (13.41) (resp. (13.51) 1 in this case is clear from hypothesis (d) (resp. hypothesis 
(c)). Hence (13.91) . The proof of (13.101) is immediate from (13.91) by using Theorem 13.31 □ 

The next corollary, which gives a surjective morphism between two tensor products of Demazure 
modules, may be viewed as a generalization of the Schur positivity (T] . 

Corollary 3.6. Let (£i > £2 > • • • > £ p > 0) and (mi > m 2 > • • • > m p > 0) be two partitions of 
a positive integer. Suppose that £i + ■ ■ ■ + £ p > mi + ■ ■ ■ + m p for each 1 <i < p. Then there exists 
a surjective morphism of ^-modules, 

D(£ 1 , £\0) 0 D(£ 2 , £2 9) 0 • • • 0 D(£ p , £ p 9) -» D(mi, mid) 0 D(m 2 , m20) 0 ■ ■ ■ 0 D(m p , m p 6 ). 

Proof. It is easy to see by using similar arguments of the proof of [H Theorem 1 (ii)] that it is 
enough to prove it for p = 2. The proof in p = 2 case follows from Corollary 13.51 □ 


4. Proof of the main results 


The main goal of this section is to prove Theorems 13.21 and 13.31 The proof uses a result from [3j 
and the character of generalized Demazure modules. 


4.1. In this subsection, we give the g-rnodule decomposition for the modules D(£, kd), £> k. 


Proposition 4.1. Let k,£ £ N be such that k <£ < 2k. For i G Z>o, the subspace of D(£, kO ) of 
grade i is given by 


D(£, kd)[i\ 


U(g)(x e <g>i) 1 Wi tk e = B V((k - i)9), 0<i<2k 
{0}, i> 2 k-£. 


In particular, 


D(£, kd) V(k0) © V((k - 1)0) 0 • • • 0 V((£ - k)0). 


t, 


Proof. We prove this by considering the Demazure module corresponding to the module D(£,k9). 
Observe that the condition k < £ < 2k is equivalent to £Kq + (£ — k)9 G P + , and 

t W 0 ^(£A 0 + (£- k)9) = £A 0 + w 0 (kd) - (2k - £)5. 

Hence by Proposition 12.21 we get 

D(£,k9) ^ a[t] D(t Wo{e) (£A 0 + (£-k)9)). (4.1) 

Under this isomorphism, the generator of D(£, kd) maps to a non-zero element v of the 

weight space of D(t WQ ^(£AQ + (£ — k)d)) of weight £Aq + kd — (2k — £)5. Considering the 5(2 copy 
associated to the real root d — 5, it follows from the standard 5(2 arguments that 

(xff 0 t) 2k ~ e v / 0, 
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since (£Ao + k 6 — (2k — £)5\6 — 5) = 2k — £ > 0. In particular, 

(xg ®t) 2k ~ l wt,k6 7 k 0 . 

The proof now follows by using the following relations which hold in the module D(£, k 6 ) 

(x~ <g> t) wt, ke = 0, V a G R + \ {0}, (xf (g) t 2 ) w e> k e = 0, (xf ® t ) 2k ~ i+1 k e = 0, 


and 


n + (x e <S> t) 1 W£ t ke = 0, V i G Z> 0 . 


□ 


We record below an easy fact, for later use. 

D(£, ke) D(w 0 (£A 0 + ke)) = flM evo V(kd), V£ > 2k. (4.2) 

4.2. We now recall the result j3j Theorem 1] for A 0 = k0. Its proof uses the conclusion of [HI 

Proposition 3.5] when A = A 0 , due to which it has some constrains in its hypothesis (see [HI 

Remark 3.4]). We observe that 

tg (£Ao + woke) = £Aq + (£ — k )6 + (2k — £)S G P + , if k < £ < 2 k, 

and 

wo(£Ao + woke) G P + , if £ > 2k. 

Hence the conclusion of [HJ Proposition 3.5] when A = k6 is satisfied, so we can remove the constrains 
in the hypothesis of [H, Theorem 1] when A 0 = ke. 

Theorem 4.2. J3J/ Let k G Z>o and £ G N be such that £ > k. Let Ai,..., X p be a sequence of 
elements of L + . Then we have the following isomorphism of g[t\-modules, 

D(£, £Xi) *■■■* D(£, £\ p ) * D(£, ke) Q* D(£, £(\i + ■ ■ ■ + A p ) + ke). 

Under this isomorphism, the generator W £ t £\ 1 * ■ ■ ■ * w^ix * wi,ke maps to the generator 

w e,£(\i+-+\ P )+k6- 

4.3. In this subsection, we prove that for £>k, the module V^’j^ is isomorphic to the Demazure 
module D(£, £\ + kQ). 

Lemma 4.3. Let k,£,m £ N be such that £>m>k and X\ ,..., \ p G L + . Denote A = Ai + ■ ■ • + X p 
and w = W£ t £\ 1 * ■ ■ ■ * W£j\ p * w mt ko- Then the following relations hold in the module D(£, £X\) * 

• • • * D(£, £X p ) * D(m , kQ) 

(1) (x~ ® t( A+0 l“)) w = 0, V a G R + , 

(2) (x“ ® t( A l a ))^ fc l ' ,e ’ a ^ +1 (x“ ® t( A l 6, )+ 1 ) 1 w = 0, V a G R + , 0 <i<k, 

(3) (xf ® y x ^ +1 ') 2k m+1 w = 0, if m < 2k, 

( 4 ) (xg ® t( A l 6l ) +1 ) w = 0, if m> 2 k. 
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Proof. Let z±,... ,z p , z p+ \ be the distinct complex numbers which define the fusion product. In the 
corresponding tensor product, we have 

(x~ 8 (£ - zi) (Al|a) ■■■(£- z p )^ a \t - z p+ i)( 0 l“)) (wejx 1 ®--®m,ex p ®w m ,ke) 

p+i 

= ^ {mjx! 8 ■ ■ ■ 8 {x~ 8 t (Aj|a) /iW m,e\j) ® 8 uvfce) = 0, 

j=i 

where fj(t ) = F[*#j (t + — Zi)^ Ai l a \ A p+ i = 9, and the last equality follows by using the relations 

0“ (8) £ (Aj ' |q °) wg'iXj = 0, V 1 < j < p and (x~ 8 £ (0|q) ) w m:k g = 0. 

Now part m is immediate. The proof of part j2J) (resp. part part (@}) is identical by using the 
relation 

(x~ <8 “ v ) +1 ( X Q 8 ty w mt ke = 0 (follows from Proposition 14.111 

(resp. (x~f (8 t)' 2k ~" l+l w m ^ k g = 0 (since m < 2k), (xg 8 t) w mjk g = 0 (since m > 2k)), 
and we omit the details. □ 

The following proposition gives explicit defining relations for the modules D (£,£A + k9), £ > k. 

Proposition 4.4. Let k,£ G N be such that £ > k and A G L + . Let w = we^x+kO be the generator 
of the module D(£,£X + k6). Then: 

(1) The following are the defining relations for the module D (£,£A + k9) 

(xf ®t s )w = £), {oif ®t s )w = 8 S fi(£\ + kO, <xf)w, (i j "®l)^ A+M ’ a '^ 1 'i« = 0, Vs>0,iG/, 

(x~ 8£ (A+0|q) ) w = 0, \/a£R + , 

' >+1 w = 0, VoGiT 1 ", 

(xg 8 £ (A|e)+1 ) 2k ~ e+1 w = o, if £ < 2k, 

{xg 8 £ (A|0)+1 ) w = 0, if £ > 2k. 

(2) The following relations also hold in the module D (£,£A + kO) 

(x~ 8£ (A|a) ) ((fc “* )0,aV)+1 (x^ 8£ (A|e)+1 )*w = 0, V a £ fi + , 1 < i < k. 

Proof. For a G R + with (£X + k9,a v ) > 0, we first write down the positive integers s a ,m a such 
that 

(£X + kO, a v ) = (s a — 1 )d a £ + m a , 0 < m a < d a £. 

If (0\a) = 0 (resp. (9\a) = 1), then s a = (A|a) (resp. s a = (A|a) + 1) and m a = d a £ (resp. 

m a = d a k). We now consider the remaining case when a = 9. If £ < 2k (resp. £ > 2k), then 
sg = (A|0) + 2 (resp. sg = (A|0) + 1) and mg = 2k — £ (resp. mg = 2k). The proof now follows from 

the definition of the module D{£, £X + k9), by using Theorem 14.21 and Lemma 14.31 □ 

Proposition 4.5. Given k,£ £ N such that £ > k and X G L + , we have the following isomorphism 
of g[t]-modules, 


V e f e ^D(£,£X + k9). 
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Proof. The proof is immediate from Proposition 14.41 □ 

4.4. We now establish the existence of the maps 4>f and 4>f from Theorem 13.21 
The following proposition, which gives the existence of </>+, is trivially checked. 

Proposition 4.6. Let k,£, m £ N be such that £ > m > k and A £ L + . Then the map 

such that = V <l,k0’ 

is a surjective morphism of g[t\-modules with 

fu( 0 [t])(^0t(W) 2fc - £+1 ^, £<2k , 

\lJ( 0 [t]) ® t( A l 0 ) +1 ) v e m n ke , l > 2k. 

Lemma 4.7. Given A £ we have the following: 

(1) For k,£,m £ N such that k < m < £ < 2k, the following relations hold in the module 

(a) (x+ <8 C)(xg ® f (A | 6 »)+i) 2 fc-£+i = Qj V s > 0, a £ R+, 

(b) (x~ <8 \){^+^-k-i)e,oP)+i^ x - ^ t (\\d)+ij 2 k-e+i = q, y a £ i? + . 

For k,£ £ N such that £>k, the following relations hold in the module Vy A. 

(a) (x+ <8 t s )(xf <8 t( A l 0 ) +1 ) o^’j^ =0, V s > 0, a £ R + , 

(b) ( x~ <8 l yn+(k-i)e,a v )+i( x - ^ t (x\e)+i^ v i,n = 0) y a e #+. 


ker <£+ = 


Proof. Set o = v^^ g . To prove part (flail . since (x+ 8 t s ) v = 0, it is enough to prove that 

[x+ <8 t s , (x^ (8 t (A \o)+i^k-i+i} v = 0 

This means to show that 
2 k-l 

Y { x e ®t ix \ 9)+1 y {i x i’ x e} ® t(m+s+1 ){ x e ®t (m+l ) 2k ^~ 3 v = 0. 

3=0 

If (6\a) = 0, then [x+,Xg ] = 0 and hence (14.31) . If {9\a) = 1, then 9 — a £ R + and [x+,Xg] is a 
non-zero scalar multiple of x g _ a . The proof of part (|4.3D in this case follows now from the relation 
{ x 0- a ® t( A+0 l ei ^ Q )) u = 0. In the remaining case when a = 9, it follows from the relations 

(xjf <8 t^ x l e ')+ s ' +1 ) o = 0 and ( 9 V <8 t s ') v = 0, for every s' > 1. 

We now prove part (llbl) . We observe that (xf <8 t( A l e ')+ 1 ) 2fc_ ^+ 1 o is an element of weight £\ + 
(£ — k — 1)9. Considering the 5 I 2 copy spanned by x+ <8> 1, x~ (8 1, and a v (81, the proof of part (fTbl) 
follows by standard 5 I 2 calculations, using part (|lap . The proof of part ({2]) is similar and we omit 
the details. □ 


(4.3) 


The next proposition gives the existence of <fi 1 and 4> 2 ■ 

Proposition 4.8. Let k,£,m £ N and A £ L + . Denote m! = £ + m — 2k — 1 and k' = £ — k — 1 . 
(1) If £ < 2k and k < m < £, then the map : T^ 2 k-£+i)((X\ 6 )+i)^m '\'0 ~► ker </>+ which takes 
V m/\'G ^ ( x e <8 t( A l 0 ) +1 )" fc £+1 is a surjective morphism of g[f\-modules. 
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(2) If t > ‘Ik, then the map cj) 1 : T( < -A ker^jt" which takes 
(x^ ( 8 >t( A l 0 ) +1 ) is a surjective morphism of 0 [t] ■ -modules. 

Proof. Set v = v^\q■ To prove part CD), we need to show that (xfj <g) t( A l 0 ) +1 ) 2fc t+1 v satisfies the 
defining relations of the module V.^ f \, g . Since m! < 2fc', using Lemma 14.71 (HD and the relations 
(|3.2I) . we only need to show the following: 

(x“ ®t (A l a )) <{fc ' _i ' )0,aV>+1 (xg ®i (A|0)+1 ) i,+2fe_m u = O, Va£i?+, 0 <i'<k', (4.4) 

(xg (g) t (A|e)+l) (2fc'-m'+l)+(2fc-£+l) ^ _ q ( 4 .5) 

Since k' — i' = k — (i' + 2fc — £ + 1), the relations (|4.4[) follow from the relations (|3.3I) . The relation 
(14.51) is same as the relation (13.41) . Hence part (HD- The proof of part © is similar and we omit the 
details. □ 

4.5. Using (14.21) . Theorem 14.21 and Proposition 14.51 the existence of surjective map and the 
maps (ff and cjf give the following inequalities: 


dim < dim (k-\)6 + dimU(£:6() dimD(L IXj), V i > 2k, (4.6) 


dimV^ e < dim V^_ 2fc _ 1 + dimD(£, kO) JJ dimD(^, £Xj), V k < m < I < 2k, (4.7) 

3 =1 

for every Ai,..., X p £ L + with Ai + • • • + X p = X. 

The following proposition is useful in getting the reverse inequalities. 

Proposition 4.9. Let k,l,m £ N he such that I > m > k. Let X\,...,X P £ L + and denote 
X = Ai + ■ ■ ■ + X p . Then the assignment i-A t * • • • * wgj\ * w m} ko defines a surjective 

morphism of g [t] -modules 


T t,l\ 


3 = 1 
P 


V £ m % -» ^i) * • • • * D{t, iXp ) * D(m, kO). 


In particular, 


dim > dim D(m, kO) dim D(£, £Xj). 

3 = 1 


Proof. The proof follows from Lemma 14.31 

4.6. Proof of Theorem 13.21 Let Ai,..., X p £ L + be such that Ai + • • • + X p = A. 
(1) To prove part (fTj). we prove that 

Y kfke = fl [t] D(l, *■■■* D(£, p ) * D{k, kO), for £ > 2k. 


□ 


(4.8) 
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We proceed by induction on k. In the case k = 1, by using (|3.8I) and Theorem 14.21 we have 
dim Vq ^ = ]”[? =1 dimD(T, £Xj). Now (14.61) gives, 

p 


dimV^g < (dimU(0) + 1) dim D(£, £Xj). 

3= 1 

Using Proposition 14.11 we have 

dim .D(l, 0) = dimU(0) + 1. 

We get (14.81) in this case from Proposition 14.91 by using (|4.9p and (I4.1UI) . 
Now suppose k > 2. By the induction hypothesis, we have 

p 


dim V 


Lt\ 


k-\,{k-i)e = dimD(A: - 1, (k - 1)9) dim D(£, £Xj). 

3 = 1 

Substituting this into (14.61) , we get 

p 

dim^ < (dim V(k9) + dim D(k — 1, [k — 1)0)) JJdimZl(£, £Xj). 

3 =1 

Now the proof of (14.81) follows from Proposition 14.91 by using Proposition 14.11 
(2) The existence of i/i - such that 


4 = ( x e ®t (A|0)+1 ) 


2k—m+1 IPX 


-1)8 


V 


(4.9) 

(4.10) 


k , kO ’ 


and is injective follow from repeated applications of the injective morphism </>j~ from 
part (H|) for various values of k. It is easy to see that the assignment i-A gives 

the existence of ip + . Clearly ip + is surjective and 


ker 


U( 0 [t])(x* ®t We) + 1 ) 2k ~ m+1 


V 


t,i A 
k,k8- 


Now we observe that irrig ?/; = keri/U. This completes the proof of part (J2|), and it gives, 


dim V ^’ eX — dim V ^’ £X — dim V £ ’ lX 

Qlm V m, kd olm V k}ke alm v m _fe_ li ( Tn _jfc_ 1 )£/- 


Since £>2k>2(m~k — 1), using (14.81) . the right hand side of the last equation becomes 


p 

( dim D(k, kO) — dim D(m — k — 1, {m — k — 1)0)) diml?^, £Xj ). 

j= 1 


Now using Propositions 14.11 and 14.91 we get 

v m,ke- 9 [t] iX !)*---*D(£,£X p )*D(m,k9), for k < m < 2k < £. (4.11) 

(3) Let k! = £ — k — 1 and m! = £ + m — 2k — 1. Since £ > 2k' and k' < m! < 2 k! , using (14.81) 
and (14.111) . we get 

p 

dimV^f A fc ,g = dim D(m', k'9) ])Jdim.D(^, £Xj). 

3 = 1 
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Substituting this into (14.71) . we get 


dimV^kg < (dimZ)(m / , k'9 ) + dim D(£, k6 )) J^dimD(^, £Xj 


i= 1 


Now Proposition 14.11 gives, 


dimV^^g < dim D(m, k6) JJdimi4(£, IXj). 

3 = 1 

Using Proposition 14.91 we get part fl3j), and 

= 0W D{£, e\i) *■■■* D{£, £Xp) * D(m , k6 ), for k < m < £ < 2k. 


(4.12) 

□ 


4.7. Although the following proposition seems to be well known, we give a proof here for the sake 
of completeness. 

Proposition 4.10. For 1 < j < p, let A J G P + ,£j € WX? such that (fj, of) < 0, Vz G I, and 
Vwotj e V(A j ) W0 Then 

D(Zi,...,Zp) =U( 0 [i])(u toofl ®---<®v W0 £ p ). 

Proof. We first prove that v Wo ^ ® ■ ■ ■ < 8 > v WQ ^ p G D(fi,... , £ p ). Let G V(A j )^ j: for 1 < j < p, 
and set u = < 8 > • • • < 8 > v^ p . Since n~ v = 0, the g-submodule U(g) v C £ p ) is isomorphic 

to the irreducible highest weight g-module V(wo(fi + • • • + £ p )|f,). Hence there exists a non-zero 
element v' G U(n + ) v in D{f i,... , £ p ), whose f)-weight is equal to wo(£\ + • • • + £ p )|[,. Suppose 
that £i + • • • + = oAo + (3 + b5, for some a, b G C and f3 G f)*, then the weight of v' is equal to 

a Ao + wo(3 + b5 = wo(£i + • • • + £ p ). Hence v' is a non-zero constant multiple of v Wo ^ ( 8 > • • • < 8 ) v Wo ^ p , 
since 

(L>(6) ® • • • ® D ttp)) W0 (s 1+ ...+t P ) = C ( v wti ® • • • ® 

Now we have 

U(g[t]) (utooft C D(fi,...,f p ). 

The reverse containment also follows in the similar way and we omit the details. □ 

Proposition 4.11. Let k,£,m G N be such that £ > m > k and X G L + . Then there exists a 
morphism of g [t] -modules 

T ■ ^rnkd — 77i, (£ — m) A) <g> D(m, mX + kQ), 

such that 

T{ v t%) = w e-m, (i-m )A ® Wm^mx+kd and img<p = U(g[f]) (w £ _ mj < 8 > w m , ro A +ke)- 

Proof. The proof follows by using Proposition 14.41 and the relations 

(x~ <g> t (A|o °) w e _ m} {l _ m) x = 0, V a G R + , 

which hold in the module D{£ — m, {£ — m) A). □ 
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Proposition 4.12. With hypothesis and notation as in Proposition \ 4-11 
morphisms of g [t]-modules, 


there exist surjective 


V' 


l, i\ 

m, k6 


( D(t woX {£ - m) A 0 , t Wo ( X+ e)(mA 0 + (m - k)9)), 
[D(t Wo x(£ - m) A 0 , t Wo xw 0 (mA 0 + /c0)), 

Proof. We observe from Proposition 12.21 that 


m < 2fc, 

m > 2fc. 


- m, (£- m) A) = 0[t] D(t wo x{£ - m)A 0 ) 


and 


D(m , mA + £;0) = 


flM 


D(t wo (x+0)( m A-0 + (m — k)6)), m < 2k, 
D(t Wo xw 0 (mA 0 + £0)), m > 2k. 


Now the proof follows from Proposition 14.111 by using Proposition 14.101 


□ 


4.8. In this subsection, we recollect some facts about the Demazure operators and the character 
of generalized Demazure modules, which are useful in proving Theorem 13.31 

For 0 < i < n, the Demazure operator T>i is a linear operator on Z[P], and is defined by 


A(e A ) 


gA _ e ri(A)-ai 

1 — e~ ai 


For w € W and a reduced expression w = • • • T'i k , the Demazure operator X> w is defined as 

XV, = T>i 1 • • • X>,; fc , and is independent of the choice of reduced expression of w ( [9j Corollary 8.2.10]). 
For w € W and a G £, set Z> w (e A ) = T> w {e cA ). Since T>i(e 5 ) = e 5 , the operator XV, descends to 
Z [P\/I S , for all w £ W. 

The following theorem gives the character of generalized Demazure modules in terms of Demazure 
operators. It is a combination of the results m Proposition 2.7 and Corollary 2.8]. The key 
ingredient in the proof is a result from El- 


Theorem 4.i3. mm Let A 1 ,... ,A P be a sequence of elements of P + . Let w\,,w p be a 
sequence of elements of W, and denote W[\.j] = w\ ■■■Wj, V 1 < j < p. If £(ui[ i iP j) = J2 P j=i^( w j)> 
then we have 

ch^D (u^ijA 1 , u; [li 2 ]A 2 ,..., w^p-ijA 35-1 , W[i, p ]A p ) 

= V W1 (e Al V W2 (e K2 ■ ■ ■ XV, P _! (e AP 1 XV p (e AP )) •••))• 

The following theorem may be found in [SJ Theorem 3.4] and [12| (see also [9] Theorem 8.2.9] 
and |H §4.5]). 

Theorem 4.14. IMWj Given (£, A) £ N x P + , let w £ W, a £ S and A £ P + such that 

waA = wq\ + £Aq mod ZA. 


Then 


V w cr(e A ) = e^ A °ch(, D(£, A) mod p. 


The next lemma follows as [6j Lemma 7] (see also [3], §4.4]). 
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Lemma 4.15. /3J/ Let V be a finite-dimensional Q-module. Let (£,n) £ N x L + . Then for A £ Z, 
we have 

Vt wo M Ko+AS ch b V) = V two ^ A ° +AS ) ch„ V. 

4.9. We now prove that the fusion product of Demazure modules of different level as a g-rnodule 
is isomorphic to a generalized Demazure module. We further conjecture that they are in fact 
isomorphic as g[t]-modules. 


Proposition 4.16. Let (£,X) € N x P + . Suppose that there exist v € P + ,w £ W, and A £ P + 
such that 

t_ u wA = wq\ + £Aq mod Z 6. 

Let (£i, Xi) £ N x L + , for 1 < i < p, be such that £\ > • • • > £ p > £. Then we have the following 
isomorphism as g-modules: 

D(h, £ 1 X 1 ) *■■■* D(£ p , £ P X P ) * D(£, A) 

— D (t Wo Aj {£ 1 ^2)^-0; • • • > ^uiq(AiH -hAp) (^p ^U)q(AiH -bA p ) t^ u wA^ . 


Proof. Since the finite-dimensional g-modules are determined by their ^-characters, it suffices to 
show that 


chfj D(t woXl (h ^ 2 )Ao, ■ ■ ■ j ^ii?o(AiH - hAp)(^p £)^- 0 i ^uiofAiH - bAp) t—i/WAj 

= ch h D(£ 1 , £iAi) • • • chfj D(£ p , £ p X p ) ch t,D(£, A). 

From Lemma IQ and Theorem 14. 131 we have 


chjj D (twoXi (^1 ^ 2 )-^- 0 ? • • • 5 two(\i~\ \-X p) C^p ^iyo(AiH bA p ) t—jyWA.') 

= Vt WoXl (e (4 ^ 2)Ao Vt woX2 (e^^) A o ... VtwQXp ( e (^-^)Ao V t _ vW (e A )) •••))• 

Now repeated applications of Theorem 14.141 and Lemma 14.151 give. 

dD(t Wo \ 1 (^£\ £2 )Aq , . . . , t w0 (AiH-l-Ap)(^p ^ujo(AiH bA p ) t—j/WA^ 

= e £lA ° chj, D(£ i, ^iAi) • • • chi, D(£ p , £ p X p ) ch §D(£, A) mod 7^. 

Letting e A ° Hb 1 and e* 5 Hb 1, we get (14.141) . Hence the proposition. 


(4.14) 


□ 


We conjecture below that the isomorphism (14.131) also holds as g[t]-modules. 


Conjecture 4.17. 

g[t\-modules. 


Under the hypothesis of Proposition ff. 16 , we have the isomorphism (14.131) of 


Remark 4.18. This conjecture is proved when £\ = ■■■= £ p = £ in W- In [1 Iff, for g simply laced, 
it is proved when X\,...,X P , and ^A are fundamental weights. In this paper, we prove a special 
case of it and also give the defining relations (see Theorem \3.3\ ) . 
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4.10. Proof of Theorem 13.31 We first prove that for £ > m > k, 

D(e, e\i) *■■■*D(i, e\ p ) * D(m, kd) = sW ( 4 - 15 ) 

We consider two cases. First, suppose that £ > 2k. Then, from (14.81) and (14.111) we obtain (14. 15|) 
when k < m < 2k. If m > 2k, then since D(m, kd) = g r t i D(2k , kd), it follows from the case m = 2k 
and using (13.71) . In the second case, we have £ < 2k. Then, from (14.121) we obtain ()4. 151) when 
£ 7 ^ m. If £ = m, then it follows by using Theorem 14.21 and Proposition 14.51 
Next we prove that for £ > m > k, 

yi,i a ^ \D(t Wo x(£ - m)A 0 , t wo ( X+ e)(mA 0 + (m - k)8)), m<2k, 

m,ke sM yD(t wo x(£ - m) A 0 , t wo xw 0 (mA 0 + kd)), m > 2k. 

Using m and (14.21) . Proposition 14.161 gives. 

dim D(£, £X) dim D(rn. kd) 

dim D(t woX {£ - m) A 0 , t w ^ x+ e){mA 0 + (m - k)d)), m < 2k, 

dim D(t Wo x(£ - m) A 0 , t Wo \w 0 (mA 0 + kd)), m > 2k. 

Since A = Ai + ■ ■ ■ + A p , we have from Theorem 14.21 that 

p 

dimD(f, IX) = dim D(£, £Xj). 

j= i 

The proof of (14.161) follows from Proposition 14.121 by using (14.151) . (14.171) . and (14.181) . 

5. The connection with Chari-Venkatesh modules 

In this section, we prove that the defining relations of can be simplified. This allows us 

to make connection with the modules introduced by Chari and Venkatesh in |4|. 

5.1. Let us begin with recalling the notations and definition given in [3j. For r,s G Z>o, let 

S(r,s) = {(b p )p >o : b p G Z> 0 , ^b p = r, ^ pb p = s}. 

p> 0 p> o 

For a G R + and r, s G Z>o, define an element x~(r, s) G U(g[f]) by 

x «(us)= (x~ ® l) {bo) (x~ ® t.) {bl) ■ ■ ■ (x~ OC) (6s) , (5.1) 

(6 p )eS(r,s) 

where denotes the divided power X b /b\. For K G Z>o, let S(t,s)k (resp. xS(r,s)) be the 
subset of S(r, s) consisting of elements (b p ) p > o, satisfying b p = 0 for p > K (resp. b p = 0 for p < K). 
For a G R + and r,s,K G Z>o, define elements x~(r, s)k and A'X“(r, s) of U(g[t]) by 

x"(r, s) K = ]T (x- ® l) (bo) (x- (8) t 1 )^ ■ ■ ■ (x- ® t K ~ l )^~ i), (5.2) 

(b p )eS(r,s) K 

k: x.~(r,s)= {x-®t K )^ K \x-®t K+1 )^ hK +^---{x-®t s )^\ 

( b p )e K S(r,s ) 



(4.16) 


(4.17) 


(4.18) 

□ 


(5.3) 
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Given fx £ P + and a |i? + |-tuple £ = (£(aO)aeR+ of partitions such that |£(a)| = {/x, a v ), Va£ 
R + . The module V(£) is the cyclic g[i]-rnodule generated by v£ with defining relations: 

(xf®t s )v£ = 0, (a)' ® t s ) V£ = <5 S) o(/b ce 4 v ) v$, (xf ® l) ^“^ +1 V £ = 0, V s > 0, i£l, (5.4) 

x“(r, s)v£ = 0, V a £ R + , s,r £ N such that s + r > 1 + rK + £{ a )j for some K £ N. 

j>K +1 

(5.5) 

It is proved in [3] that the relations (15.51) may be replaced with the following: 

A'X~(r, s)v£ = 0, V a £ R + , s,r,K £ N such that s + r > 1 + rK + 2 £(«);• ( 5 - 6 ) 

j>K +1 


5.2. For k,£,m £ N such that £>m>k and A £ L + , we define three |i? + |-tuple of partitions as 
follows: 


£(£, £X) := (£(£, £A)(a)) aeR+ , where £(£, £X)(a) := (W) (A|o) ) , 


^(m, £0) := (£(m, /c0)(a)) aeR+ , where £(m, /c0)(a) 


' 0 , 

{dak), 

(m, 2/c — m), 

.m, 


(%) = o, 

(6»|a) = 1, 

a = 6 and m < 2/c, 
a = 0 and m > 2 k, 


’>m, kd ' 



aGR+ 


Where 4^0 (°0 


'((^) (A|a) ), (0|a) = O, 

((cW) (A| “ } , d Q fc), (0|a) = l, 

^( A |0) j 2 k — m) , a = 9 and m < 2/c, 
k ^ A l 0 ), 2 k) , a = 6 and m > 2/c. 

(5.7) 


The following isomorphisms follow from [4[ Theorem 2]: 

y(£(£, £A)) ^ [t] D(£, £A) and F(£(m, /c0)) *, [t] Z?(m, /c0). 
We are now in position to state the main result of this section. 


(5.8) 


Theorem 5.1. Let k,£,m £ N be such that £ > m > k and A £ L + . 
isomorphism of g[t]-modules, 


V«L 


m, kO 


) = v 


i,i\ 

m, k0' 


Then there exists an 


Remark 5.2. For g = sl 2 , it is proved in Q §6] that the modules V{$,) are fusion products of 
evaluation modules evo V{rvoi), r £ Z>o and vice-versa. Using this, Theorem. 15. II gives us for 
n £ Z>o that 

^rl^nvj 1 ^ j (ev 0 y{£^i)y n *ev 0 V(mm 1 ) *ev 0 I7((2/c - m)wi), m < 2/c, 

m,ke s ’ 2 ^ 1 (evo I7(7roi))*” * evo F(2/croi), m > 2/c. 


The following corollary shows that certain types of generalized Demazure modules also belong 
to the family of modules defined in [4]. 
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Corollary 5.3. Let k,£,m £ N be such that i > m > k. Let Ai,..., X p be a sequence of elements 
of L + , and denote A = Ai + ■ ■ ■ + A p . Then we have the following isomorphisms of Q[t\-modules: 

vrn £\ 1 )) * • • • * vrn I\ p )) * k0)) 

^ D(£, £Xi) *■■■* D(£, l\p) * D(m, kO) 

^ ytjx ~ \ ^ f D{t WoX (£ - m) A 0 , t Wo{x+ e)(mA 0 + (m - k)6)), m < 2k, 

m,ke m,ke \D(t Wo x{£-rn)Ao,t Wo xw 0 (rnAo + k6)), m>2k. 

Proof. The proof is immediate from Theorem 13.31 (15.811 , and Theorem 15.11 □ 


5.3. Proof of Theorem 15.11 The proof is immediate from the following two propositions. 
Proposition 5.4. With hypothesis and notation as in Theorem \5.1i the assignment vex i-» v^ kg 
gives a surjective morphism from V(£ m kg ) onto . 

Proposition 5.5. With hypothesis and notation as in Theorem \5.1[ the assignment v^ £ kg i->- v f e.ex 

’ ^»ra, kQ 

gives a surjective morphism from kg onto V(£ mkg ). 


5.3.1. Proof of Proposition [M The proof uses arguments of the proof of [3J Theorem 1], We 
need to show that v = vf n k() satisfies the defining relations of V The relations (15.41) with 
H = £X + k6 are clear from (13.11) . We now prove the relations ()5.51) . Let a £ R + and let s a denote 
the number of non-zero parts of £(a) = f, r ^ > k g{(y). I n the cases when (i) r > £(a)i, (ii) r < £,{a) Sa , 
and (iii) £(o;) Sa _i > r > £(a) Sa , the proof follows as in the proof of [U Theorem 1] by using the 
relations (j3.2|) . (13.31) with i = 0, and (I3.4I) - (|3.6I) . 

We now prove the relations (15.51) in the remaining case when £(a)i > r > £(a) Sct _i. We observe 
from (|5.7I) that this case is possible only when a = 0 and m < 2k. In this case, we have 


sg — (A|0) + 2 


and 


mi 


r £, l<j<se- 2 , 

< m, j = S 0 - 1, 

2 k — m, j = sg. 


We observe that if (6 p ) p >o £ S(r, s) is such that b p > 0 for some p > sg, then by the relation (13.21) 
with a = 0 , we have 


({xj 0 l) (bo) ■■■(Xg® t p ) (b ---(Xg® C) (fes) ) v = 0. 


Hence we get 

(x~(r,s)-x~(r,s) Se )u = 0. (5.9) 

If (b p ) p >o £ S(r, s) Se , then s = (sg — l)b Sg ~\ + • • • + b\. We consider two cases. First suppose that 
b Sg -1 >2 k — m. Then, using the relation (13.41) we have 

((xg 0 l) (bo) ---(xg® t se ~ 2 )( bs e~ 2 \x g 0 0 = 0. (5.10) 

In the second case, we have b Sg -\ < 2k — m. If we prove that 


b sg -2 > 2(k - b se - 1 ) + 1 , 


( 5 . 11 ) 
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then (15.101) would follow in this case from the relations (13.31) with a = 9 and i = b Sg -±. This would 
give us Xg (r, s) Sg v = 0. Using (15.91) . we will have x^(r, s) v = 0 which would complete the proof. 
To prove (15.111) . we observe that 

(se ~ l)&s 9 -i + (se ~ ^)b Sg -2 + ( s e - 3)(r - b sg -i - b Sg - 2 ) > s > 1 + r(K - 1) + ^ £(0)j, 

j>K +1 

which implies 

2b sg -i + b sg - 2 > 1 + r(K — sq + 2) + £(#)j• 

j>A+l 

Since r > £(0) Se _i, we see that (15. lip is immediate if K > s$ — 1. If A' < — 1, then 

2b sg -i + b sg -2 > 1 + ^2 — r ) + £(Q)s s -i + £($)s e > 2/c + 1, 

se—l>j>AT+l 

where the last inequality is because = £(0)i > r for all 1 < j < sg — 2. □ 

5.3.2. Proof of Provosition \5.5\ The following lemma is crucial in proving the proposition. 

Lemma 5.6. Let k,£,m £ N be such that t > m > k and A £ L + . Then, for all a £ \ {0} and 

1 < i < k, the relation 

(x- ® i W<,)+1 )'<£“» = 0, (5.12) 

is redundant in the definition ofX^ kg - 

Proof. To prove the lemma, we show by considering two cases that the relation (15.121) follows from 
the relations (13.21) and ()3.3I) with i = 0. 


Case (1). Suppose that a is either a long root or a short simple root. 


Since a £ R + \ {0}, it is easy to see that {6\a) is either 0 or 1. If (9\a) = 0, then (15.121) follows 
from (13.21) . Assume that (9\a) = 1. We may also assume that d a £ { 1 , 2 }. Indeed, if d a = 3, then 
0 is of type G 2 and a is the short simple root of g, hence (9\a) = 0. We now have 

(6\r a (6)) = [9\9 — d a a) = 2 — d a £ {0,1} and (9 — a), r a (9) £ R + . (5.13) 


Let A a , B a £ C\ {0} be such that [x r ^ e yX a \ = A -aX 0 _/ da _ l y ) and [ x d _ a ,x Q } = B a x e . We denote 


f ( a R \ _ ) Aa ~ d a — 1, 

f(A a ,B a ) - { AaBa d =2. 


2 ’ 


Set X = x 


r a (s) 


t(\\r a (0))+i^ y = x a <g) t^ a \Z = x 0 <S> i( A l 0 ) +1 , and v = kg . We observe that 


[X,Z] = [Y,Z\ = [[X,Y],Z] = 0, d a f(A a ,B a )Z 


[X,Y], d a = 1 , 
[[X,Y],Y], d a = 2 , 


by (13.21) and (15.131) . 


and X v = 0, 
(5.14) 
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By acting both sides to the relation Y kda+l v = 0, which holds in this case in by the 

relation (|3.3|) with i = 0, with X*, we get 

X i Y kda+1 v = 0. (5.15) 

We claim that for i' G Z>o, 

x (i') y(*'da+i) w = (/(yl Q , J B a )) i 'y ((fc, - i ' )d “ +1) Z (i,) u, V A:' > (5.16) 

where X^ p ) denotes the divided power X p /p!. We observe from (15.151) that the proof of (15.121) in 
this case follows once we establish the claim. 

We now prove the claim ([5.16P by induction on . For i' = 0, there is nothing to prove. Now 
suppose that i' > 1. Let k! > i' . By the induction hypothesis, we have 

x (i'-i) y(fc'da+1) v = (f(A a ,B a )) i '- 1 Y^ k '- i ' + ^ da+1 ^ v. (5.17) 

By acting both sides to (I5.17P with iX, we get 

X^') Y^ k ' da+ 1) v = (f(A°nB a )) ^ y((fc'-i'+i)d„+i) (5.18) 

V 

Since X Zv = Z^'-V X v = 0 by (15J41) , we may replace the right hand side of (I5.18P by 
( f(A a ,B a ))' 1 - 1 ^ y ((fc /_ i / +1)dc(+1) j v 


(f(Aa, B a )) 


\> _^ (A/ — i'-\-l)d a 


((k' — i' + l)d a + l)\r 


_ y p [A', y] y( fc '-*'+i) rf c-p , 


(5.19) 


p =o 


Suppose that d a = 1. Then, since [X, Y] = f(A a ,B a )Z and [Z,Y] = 0 by ([5.141) . it is easily 
checked that (15.191) proves the claim ([5.161) . Suppose that d a = 2. Then, since [[X, Y],Z\ = 0 and 
[X, y] v = 0 by (13.21) . we have 

[X, y] y( fc, -*'+l)rf a -p y(i'~ 1) y — y] 5 y(fc'-i'+l)dc«-pj v 

(k'-i'+l)d a -p-l (c 2Q) 

= ^ y5[[x,y],y]y( fc, " i ' +1 ) d ““ p “ 9 " 1 z^- 1 ^. 

9 =0 

Since [[X, y],y] = 2 f(A a ,B a )Z and [Z, Y] = 0 by (|5.14p . the right hand side of (15.201) simplifies 
to 

2i'f(A a , B a )((k' -i' + 1 )d a - p)Y < ' k '~ i ' +1 ' )da ~ p ~ 1 zW v. 

Substituting this into (|5.19p , we get that the right hand side of (15.181) is equal to 

2 (f(A a ,B a )y (fc,_i,+ 1)da 


(( k 1 — i 1 + 1 )d a + 1)! 


{(k 1 -i' + 1 )d a - p)Y {k '- i ' +1 ^~ 1 Z&) ■ 


p=0 

U •/ 


(5.21) 


2(/(Xq, Bq)) 4 ((y — i' + l)dq)((A; / - j' + l)d Q + 1) y(k’-i' + l)d a -l y(i!) 

(( k' — i' + l)d Q + 1)! 2 




2 
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This proves the claim (15.161) . 


Case (2). Suppose that a is a short root. 


We proceed by induction on hta. If liter = 1, then (|5.12l) follows from case (1). Assume that 
hta: > 1. Then, since a is short, there exist a short root (3 £ R + and a root 7 £ R + such that 
a = (3 + 7 . Set 17 = (x g <S> v^ kg . By induction hypothesis, we have 

(xp® t im ) {{k ~ i)e,f}V)+1 Vi = 0. (5.22) 

If 7 is long (resp. short), then from case (1) (resp. induction hypothesis), we have 


(* 7 


0t (A| 7 )^<(fc-de,7 v >+i 


Vi = 0 . 


(5.23) 


It is easily checked that the Lie subalgebra of g[t] generated by {x^ < 8 > t^\x~ <S> is 

isomorphic to the nilradical of the Borel subalgebra of the Lie algebra of type A 2 (resp. B 2 , G 2 ), 
if 7 is short (resp. 7 is long and dp = 2 , 7 is long and dp = 3). Since 


o v = 


/3 v + d a 7 V , 7 is long, 

/ 3 v + 7 v , 7 is short, 

we have from (15.221) and (15.231) (see [33J Lemma 4.5]) that 

|a)) <{ fc-^,/3 V> +da <( fe-i ) 0,7 V> + 1 w . = Q) 

and 

(x~ <8 t^ a Y k ~ i)6,n+{{k ~ i)e,lV)+1 Vi = 0 , 

which are equivalent to (15.121) . Hence the lemma. 


if 7 is long, 
if 7 is short, 


□ 


We now prove Proposition 15.51 Let $, = We nee d to show that v £ satisfies the defining 

relations of V £ m % The relations (13.11) are clear from (15.41) . By taking r = l,s = (A + 9\a), and 
K = (A + 9\a) in (15.51) . we obtain 

(x~ <8> t {x+e|a) ) Vf: = 0, V a € R + , (5.24) 

which proves the relations (13.21) . 

To prove the relations (13.3|) . using Lemma 15.61 it is enough to prove that the following relations 
hold in U(£) 

( X -®t Wa) ) {k9,aV)+1 Vi : = 0, V a £ R + , (5.25) 

(x g (8> tAl e )) 2( ' fc *- )+1 (xg <8 f (A ^' )+1 )* = 0, V0 <i<k. (5.26) 

Using (j5.24f) . the relations (15.25[) follow from (15.61) . by taking r = (k9, a v ) + 1, s = r(A|a), and 
K = (A|a). Using the relation (x g <8) t( A l e )+ 2 ) = 0, the relations (15.261) (resp. (13.41) . (13.51) 1 follow 

from (15.61) with a = 9, by taking r = 2k — i + 1 (resp. r = 2k — m + 1, r = 1), s = r(X\9) + i (resp. 
s = r(X\9) + r, s = (A|@) + 1), and K = (A|0) (resp. K = (A|0) + 1, K = (A|0) + 1). This completes 
the proof of the proposition. □ 
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